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Preface 
This paper is the third in a series on 'Regional Develop- 
ment and Land-Use Models'. The purpose of this series is to 
consider the application of optimizing and behavioural land- 
use models as tools in the study of regional development. 
The present paper considers some alternative policy tools 
for green area preservation within the context of a society 
with a competitive land market. A simple spatial equilib- 
rium model is used to identify some social conditions under 
which certain kinds of tools would be effective. The paper 
is viewed as the first in a collection on models of land-use 
tool efficiency; an important research area identified in (1). 
J.R. Miron 
April, 1976 
PAPERS IN THE REGIONAL DEVELOPMENT AND LAND-USE MODELS SERIES 
( 1 )  John R. Miron, "Regional Developmerlt and Land-Use Models; 
An Overview of optimization Methodology", RM-76-27. 
April, 1976. 
(2) Ross D. Mackinnon, "Optimization Models of Transportation 
Network Improvement: Review and Future Prospects", 
RM-76-28. April, 1976. 
( 3 )  John R. Miron, "Alternative Land-Use Policy Tools for 
Green Area Preservation in Regional Development", 
RM-76-29. April, 1976. 
This  paper was o r i g i n a l l y  prepared under t h e  t i t l e  "Modelling 
f o r  Management" f o r  p r e s e n t a t i o n  a t  a  Nate r  Research Cent re  
(U.K. ) Conference on "River  P o l l u t i o n  Con t ro l " ,  Oxford, 
9 - 1 1  A s r i l ,  1979. 
A b s t r a c t  
A l t e r n a t i v e  land-use  p o l i c y  t o o l s  t o  e f f e c t  g r e e n  
a r e a s  i n  a  c o m p e t i t i v e  market  economy a r e  i n v e s t i g a t e d  
i n  t h i s  p a p e r .  A s p a t i a l  e q u i l i b r i u m  framework i s  used 
t o  i d e n t i f y  and examine a l t e r n a t e  t o o l s .  S p e c i f i c  con- 
d i t i o n s  a r e  d e r i v e d  under which such t o o l s  might  o p e r a t e  
e f f e c t i v e l y .  While n o t  p r o v i d i n g  immediate p o l i c y  a d v i c e ,  
such models i n d i c a t e  t h e  k i n d s  of  v a r i a b l e s  and c o n d i t i o n s  
which would be  i m p o r t a n t  t o  measure i n  a n  a p p l i e d  p l a n n i n g  
model. 

ALTERNATIVE LAND-USE POLICY TOOLS FOR GREEN AREA 
PRESERVATION I N  REGIONAL DEVELOPMENT 
John R.  Miron 
Land u s e  p l a n n e r s  i n  many market-economy c o u n t r i e s  have 
been i n t r i g u e d  by t h e  p o s s i b i l i t y  of  c r e a t i n g  s u b u r b s  which 
a r e  s p a t i a l l y  d i s t i n c t  from each o t h e r  and from t h e i r  metro-  
p o l i t a n  c o r e s .  P o l i c i e s  have been promoted i n  t h i s  r e g a r d  t o  
p r o t e c t  l a r g e - s c a l e  ' g r e e n  a r e a s '  which might  a c t  p a r t l y  a s  
a  v i s i b l e  b u f f e r  o r  s e p a r a t o r  between urban a r e a s  th roughou t  
d r:le t r o p o l i t a n  r e g i o n .  However, s e r i o u s  co inp la in t s  a b o u t  
such g r e e n  a r e a  p o l i c i e s  a r e  t h a t  (i) t h e y  a r e  v e r y  expens ive  
t o  implement i f  t h e  government wishes  t o  pay compensat ion ,  and 
(ii) t h e y  impose i n e f f i c i e n c i e s  by f o r c i n g  g r e a t e r  i n t e r - a r e a  
t r a v e l  and commuting c o s t s .  
There  a r e  a l t e r n a t i v e s ,  on t h e  o t h e r  hand,  t o  a  p o l i c y  
i n s t r u m e n t  c o n s i s t i n g  o n l y  of l e g i s l a t e d  g r e e n  a r e a s .  These 
may be  c a p a b l e  of  producing g r e e n  a r e a s  a s  a  s i m p l e  conse-  
quence o f  c o m p e t i t i v e  market  behaviour  and t h u s  might  
e l i m i n a t e  t h e  need f o r  compensat ion.  F u r t h e r ,  t o  t h e  e x t e n t  
t h a t  r e s i d e n t s  have t h e  c h o i c e  of  l o c a t i n g  i n  them, t h e  
e x i s t e n c e  o f  g r e e n  a r e a s  i n  such a r e a s  might  n o t  r e p r e s e n t  
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an i n e f f i c i e n c y  i n  r e s o u r c e  a l l o c a t i o n  . 
A s p a t i a l  e q u i l i b r i u m  framework i s  a  u s e f u l  way of  
l o o k i n g  a t  t h e  a l t e r n a t i v e  i n s t r u m e n t s  open t o  p l a n n e r s .  I t  
is  h e l p f u l  n o t  o n l y  i n  t h e  i d e n t i f i c a t i o n  of a l t e r n a t i v e s  b u t  
a l s o  i n  an  a n a l y s i s  o f  t h e  c o n d i t i o n s  under which such i n -  
s t r u m e n t s  might  be  e f f e c t i v e .  I n  t h i s  p a p e r ,  t h e  e lementa ry  
closed version of the spatial equilibrium model, as formalized 
by Wheaton (1974), is used initially to identify four alterna- 
tives. Two of these instruments are then analyzed in detail 
with the aid of similar, specific models. Exact conditions 
are derived from these models for particular situations under 
which the effectiveness of these instruments is diminished. 
Such conditions, while qualitatively ambiguous, indicate the 
kind of empirical measures that planners have to make in 
justifying their choice of instrument. 
1. The Elementary Closed Model 
1.1 Assumptions and Solutions 
Wheaton (1974) has dealt formally with the comparative 
statics of the elementary closed spatial equilibrium model. 
He did not, however, clearly spell out the assumptions under- 
lying such models. There appear to be at least sixteen 
assumptions necessary and these are as follows. 
i) Two sets of actors are identified; landowners and 
residents. 
ii) The landowners are assumed to be non-collusive 
although each attempts to maximize the rent received 
for his parcel of land. 
iii) Each landowner is assumed to own a 'small' parcel of 
land so that he is unable to behave monopolistically. 
iv) Further, each is assumed to reside and spend his 
rental income outside the region in question. 
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v) The existence of N residents is assumed . 
vi) Each resident earns the same income, Y, at the same 
central workplace, C. 
vii) Each has an identical utility function, U, which 
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x i v )  
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d e f i n e s  convex p r e f e r e n c e  o r d e r i n g s  o v e r  combina- 
t i o n s  of  two goods ;  l a n d  f o r  a  r e s i d e n c e  (L) and 
a composi te  (X). 
The composi te  good i s  a v a i l a b l e  a t  a  f i x e d  p r i c e ,  Px. 
Both goods have p o s i t i v e  income e f f e c t s .  
Each i n d i v i d u a l  c a n  p u r c h a s e  any  combina t ion  of  
t h e s e  two goods p rov ided  t h a t  h i s  t o t a l  e x p e n d i t u r e s  
on t h e s e  p l u s  h i s  commuting c o s t s  t o  work do n o t  
exceed h i s  income. 
The commuting c o s t  i s  assumed f u r t h e r  t o  be  p ropor -  
t i o n a l  t o  distance. 
Each r e s i d e n t  i s  assumed t o  have a  c h o i c e  o f  resi- 
d e n t i a l  l o c a t i o n  w i t h  r e s p e c t  t o  h i s  w o r k s i t e  and 
c a n  r e - l o c a t e  c o s t l e s s l y .  
The r e s i d e n t  chooses  a consumption bund le  ( c o n s i s -  
t i n g  o f  h i s  l o c a t i o n ,  l o t  s i z e ,  and compos i t e  goods 
l e v e l )  t o  maximize u t i l i t y  s u b j e c t  t o  h i s  budget  
c o n s t r a i n t  and t o  t h e  c o n s t r a i n t  t h a t  h i s  b i d  r e n t  
f o r  t h a t  s i t e  be a t  leas t  a s  l a r g e  as t h e  n e x t  
h i g h e s t  b i d .  
I t  i s  assumed t h a t  t h e r e  are enough r e s i d e n t s  t h a t  
e a c h  behaves c o m p e t i t i v e l y  and d o e s  n o t  c o l l u d e  
w i t h  o t h e r s .  
I t  i s  f u r t h e r  assumed t h a t  a long-run  e q u i l i b r i u m  
e x i s t s  i n  which no r e s i d e n t  f i n d s  it advan tageous  
t o  a l t e r  h i s  loca t ion-consumpt ion  bund le .  
F i n a l l y ,  t h e  e x i s t e n c e  of  a n  a l t e r n a t i v e  non-urban 
u s e r  f o r , a l l  l a n d  a t  a f i x e d  r e n t  p e r  u n i t  area, 
R a t  i s  assumed. 
These a s sumpt ions  a r e  t y p i c a l l y  s u f f i c i e n t  t o  g e n e r a t e  
a se t  of  e q u i l i b r i u m  b i d  r e n t s  f o r  l a n d  which d e c r e a s e  
m o n o t o n i c a l l y  w i t h  d i s t a n c e  from C. A s  i s  w e l l  known, t h e  
r a t e  o f  d e c r e a s e  o f  r e n t s  w i t h  d i s t a n c e  r e f l e c t s  t h e  mar- 
g i n a l  r a t e  o f  s u b s t i t u t i o n  between l a n d  and t h e  compos i t e  
good. Whatever t h i s  ra te  of  s u b s t i t u t i o n ,  t h e  m o n o t o n i c a l l y  
d e c l i n i n g  b i d  r e n t s  of r e s i d e n t s  t o g e t h e r  w i t h  t h e  f i x e d  
r e n t  b i d  of  t h e  non-urban u s e  a r e  s u f f i c i e n t  t o  e n s u r e  t h a t  
(i) a l l  r e s i d e n t s  w i l l  r e s i d e  w i t h i n  some minimum f i n i t e  
d i s t a n c e ,  9.c, from C and (ii) no l a n d  w i l l  be  a l l o c a t e d  t o  
t h e  non-urban u s e  a t  d i s t a n c e  s where s < k c .  I n  o t h e r  
words, t h e  e q u i l i b r i u m  b i d  r e n t  f u n c t i o n  of  r e s i d e n t s ,  R ( s )  
w i l l  be  g r e a t e r  t h a n  o r  e q u a l  t o  Ra f o r  s < 2 and less 
- C 
everywhere else. I f  we e q u a t e  a n  o c c u r r e n c e  o f  t h e  non- 
urban l a n d  u s e  w i t h  a  g r e e n  a r e a ,  t h i s  i m p l i e s  t h a t  no 
g r e e n  a r e a  b u f f e r s  w i l l  occur  w i t h i n  t h e  c i t y .  
Another  d e r i v a b l e  i m p l i c a t i o n  of  t h i s  model i s  t h e  
p o s i t i v e  cor respondence  between t h e  R i c a r d i a n  r e n t  a t  any 
l c c a t i o n  and c i t y  s i z e ,  N .  A s  N i s  i n c r e a s e d ,  two a d j u s t -  
ments t a k e  p l a c e .  F i r s t ,  t h e  p h y s i c a l  a r e a  of  t h e  c i t y  
t e n d s  t o  i n c r e a s e  ( i . e . ,  L C  i n c r e a s e s ) .  Secondly ,  t h e  
e q u i l i b r i u m  l a n d  r e n t s  a t  each p o i n t  w i t h i n  t h e  c i t y  must  
a l s o  i n c r e a s e .  The r e n t  a t  t h e  new boundary i s  Ra s o  t h a t  
r e n t  a t  t h e  o l d  boundary and a t  e v e r y  o t h e r  p o i n t  i n  t h e  
c i t y  must i n c r e a s e  t o  p r e s e r v e  t h e  u t i l i t y  e q u i l i b r i u m  of  
r e s i d e n t s .  With o t h e r  p a r a m e t e r s  f i x e d ,  t h i s  a d d i t i o n a l l y  
i m p l i e s  t h a t  t h e  u t i l i t y  l e v e l  o f  a  r e s i d e n t  d e c r e a s e s  w i t h  
3 i n c r e a s i n g  c i t y  s i z e  . 
1 . 2  A l t e r n a t i v e  I n s t r u m e n t s  
There  a r e  a t  l e a s t  f o u r  ways i n  which t h e  above assump- 
t i o n s  might  be  g e n e r a l i z e d  t o  p e r m i t  a  non-urban l a n d  u s e  
t o  o c c u r  w i t h i n  s *  d i s t a n c e  o f  C .  The f i r s t  i s  t o  s u p p o s e  
t h a t  t h e  non-urban l a n d  u s e  i s  c a p a b l e  o f  o f f e r i n g  a  v a r i a b l e  
l a n d  r e n t .  I f  Ra i s  a  f u n c t i o n  o f  l o c a t i o n ,  i t  i s  con-  
c e i v a b l e  t h a t  some non-urban l a n d  u s e  may o c c u r  c l o s e r  t o  C 
t h a n  t h e  f u r t h e s t  u r b a n  r e s i d e n t .  A s  i s  w e l l  known s u c h  a n  
o c c u r r e n c e  u s u a l l y  depends  on l o c a l  d i f f e r e n t i a l s  i n  e i t h e r  
s o i l  f e r t i l i t y  o r  o t h e r  r e s o u r c e  endowment. Such d i f f e r e n -  
t i a l s  a r e  d i f f i c u l t  t o  p l a n  f o r  and t h e  u r b a n  p l a n n e r  d o e s  
n o t  o f t e n  f i n d  s u c h  a  ready-made g r e e n  s p a c e  e x a c t l y  where  
he  n e e d s  it. 
A second  a l t e r n a t i v e  c o n c e r n s  t h e  n a t u r e  c f  t h e  com- 
mut ing  c o s t  f u n c t i o n .  P l a n n e r s  c a n ,  u s i n g  t h e  i n s t r u m e n t  of  
t r a n s p o r t a t i o n  s y s t e m  d e s i g n ,  c r e a t e  a  s p a t i a l l y  d i s c o n -  
t i n u o u s  commuting c o s t  f u n c t i o n .  C o n s i d e r  t h e  f o l l o w i n g  
a p p l i c a t i o n  o f  t h i s  a p p r o a c h .  R e p l a c e  a s s u m p t i o n  x i )  by 
t h e  f o l l o w i n g  s e t  o f  a s s u m p t i o n s .  A t r a n s p o r t a t i o n  l i n k  
from C t o  a  p o i n t  S  i s  c o n s t r u c t e d  t o  which  a c c e s s  i s  v i a  
C o r  S o n l y .  The o n l y  o t h e r  mode o f  t r a n s p o r t  h a s  a  
d i s t a n c e - p r o p o r t i o n a l  c o s t .  Assume f i n a l l y  t h a t  t h e  c o s t  o f  
t r a v e l l i n g  s *  k i l o m e t r e s  v i a  t h i s  o t h e r  mode i s  e q u a l  t o  t h e  
c o s t  o f  t r a v e l l i n g  t h e  new l i n k  from S  t o  C. 4 
The s p a t i a l  p a t t e r n  of  l a n d  u s e  c a n  now b e  i n v e s t i g a t e d  
u s i n g  F i g u r e  1 .  I f  t h e  c i t y  i s  s m a l l  enough t h a t  i t s  r a d i u s  
i s  less t h a n  s * ,  i t  w i l l  occupy o n l y  a  c i r c u l a r  a r e a  a r o u n d  
C .  T h i s  i s  t h e  c a s e  o f  t h e  b i d  r e n t  f u n c t i o n  R1 i n  F i g u r e  1  
b . )  S P A T I A L  P A T T E R N  O F  L A N D  USE 
R, 
FIGURE 1. R I C A R D I A N  L A N D  RENTS AND T H E  SPATIAL PATTERN 
OF LAND U S E  W I T H  DISCONTINUOUS COMMUING COSTS. 
A N  E X A M P L E .  
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a.) RICARDIAN L A N D  RENTS B E T W E E N  C AND S 
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where t h e  c i t y ' s  r a d i u s  i s  E c .  A s  t h e  c i t y  becomes l a r g e r ,  
i t s  r a d i u s  may e x t e n d  p a s t  s *  . A s  it d o e s ,  l o c a t i o n  around 
S  becomes v i a b l e .  I n  t h e  c a s e  of t h e  b i d  r e n t  f u n c t i o n  R2. 
t h e  r e s i d e n t s  occupy a  c i r c l e  of  wid th  E f  around C a s  w e l l  
a s  a n o t h e r  c i r c l e  of  r a d i u s  R around S .  
S 
T h i s  i n s t r u m e n t  i s  one commonly used by p l a n n e r s .  Mod- 
e r a t e  and h i g h  speed r a i l  l i n k s  a r e  a  good example o f  t r a n s -  
p o r t a t i o n  f a c i l i t i e s  w i t h o u t  i n t e r m e d i a t e  a c c e s s .  I t  i s  
noted  i n  p a s s i n g  t h a t  t h e  c o n t i n u i n g  growth of p o p u l a t i o n  
shou ld  e v e n t u a l l y  l e a d  t o  a  convergence  of t h e  urban r i n g s  
c e n t e r e d  around C and S  and t h e  d i s a p p e a r a n c e  of  t h e  g r e e n  
a r e a  b u f f e r .  
Another i n s t r u m e n t  which p l a n n e r s  might  u s e  t o  encourage  
g r e e n  a r e a  b u f f e r s  i n v o l v e s  t h e  d e c e n t r a l i z a t i o n  of jobs .  I n  
t h e  e lementa ry  model,  everyone i s  assumed t o  work a t  a  p o i n t  
C. I n  t h e  c o n t e x t  of F i g u r e  l ( b ) ,  t h e  p l a n n e r s  might  be 
i n t e r e s t e d  i n  p o l i c i e s  which r e s u l t  i n  a  r e - a l l o c a t i o n  of 
some jobs  from C t o  S' w i t h  a  co r respond ing  movement of  
r e s i d e ~ l c e s .  Given t h a t  jobs  can be r e l o c a t e d ,  w e  might  i n -  
q u i r e  a b o u t  t h e  c o n d i t i o n s  under which r e s i d e n c e s  f o l l o w .  
There might  e x i s t ,  f o r  example, a  s i t u a t i o n  i n  which t h e  
a t t r a c t i o n  of  r e s i d i n g  i n  a  c e n t r a l  c i t y  ou twe ighs  t h e  c o s t  
of commuting t o  a  job  i n  t h e  suburb .  I n  such a  c a s e ,  
r e s i d e n c e s  may n o t  f o l l o w  jobs  t o  t h e  suburb .  A s p a t i a l  
e q u i l i b r i u m  model,  from which i s  d e r i v e d  a  s imple  s t a t e m e n t  
abou t  t h e  o c c u r r e n c e  of  such a  t r a d e - o f f ,  i s  developed i n  
S e c t i o n  2 below. 
If jobs are not to be relocated from C, something 
else must be provided to attract residences away from the 
central city. The basis for a final instrument is there- 
fore to provide at or near S an amenity or service which 
residents desire and which has no immediate substitute 
closer to C. The presumption is that this would attract 
residents to S even if all jobs remain at C. A specific 
model in which such an amenity is embedded is discussed 
in Section 3 below. 
2. A Suburb Plodel with Decentralized Employment 
2.1 New Assumptions 
Begin by making the following changes to the assumptions 
outlined in Section 1.1 above. Amend vi) to assume two points 
in space, C and S, at which all jobs are concentrated. These 
could be thought of as the centres of a central city and a 
suburb. Assume that there are Nc and Ns jobs at C and S 
respectively where 
For simplicity assume that all jobs have the same wage and 
that the distance-marginal cost of commuting is the same 
regardless of the centre, C or S, to which a residence com- 
mutes. It is assumed that C and S are separated by a dis- 
tance of d kilometres and trivially that the annual cost of 
commuting this distance does not exceed the worker's income 
level. Next, the good X as described in assumption vii) is 
assumed to be available only at c . ~  All residents must 
travel to C to acquire this good regardless of where they 
work. Further, a separate trip to 2 is required for each 
unit of X consumed. This good might, for example, be a 
specialized service or a central city amenity. All residents 
are assumed to be willing to forego something to acquire some 
amount of it. Also, amend viii) to assume that X is avail- 
able at a unit price, Px, at C t~ which each resident adds 
a fixed distance-proportional travel cost from his residence 
site. This effective price, P(r), for a resident at distance 
'r' from C is defined as follows. 6 
2.2 The Model and its Solution 
The above assumptions lead to an immediate conclusion. 
Those residents who work at C will themselves have the same 
equilibrium behaviour found in the elementary model. The 
S-workers however, are also attracted to C and it is their 
behaviour which deviates from that of the elementary model. 
For the moment therefore, attention is placed solely on 
these suburban workers. 
The S-worker selects a residential site keeping in mind 
its proximity to both C and S. As illustrated in Figure 2, 
I 
L d 
FIGURE 2. SPATIAL ASPECTS OF THE SUBURB MODEL 
c o n s i d e r  a  s i t e  A a t  I s '  k i l o m e t e r s  from S and a t  a n  a n g l e  
8 .  T h a t  s i t e  w i l l  b e  r ( s , 8 )  k i l o m e t r e s  from C where 
The u t i l i t y  f u n c t i o n ,  budge t  c o n s t r a i n t ,  and  f i r s t -  
o r d e r  m a x i m i z a t i o n  c o n d i t i o n s  f o r  a n  S-worker c a n  now be  
d e f i n e d  and  found .  A l o g - l i n e a r  u t i l i t y  f u n c t i o n  i s  assumed. 
Us i s  maximized s u b j e c t  t o  a  budge t  c o n s t r a i n t  o f  t h e  f o l l o w i n g  
7 form . 
The f a m i l i a r  f i r s t - o r d e r  c o n d i t i o n s  a r e  
[Px + t r ( s , B ) ] ~  = U [ Y  - cs] ( 2 . b )  
S u b s t i t u t i n g  t h e s e  back  i n t o  ( 1 . d )  y i e l d s  a n  o p t i m i z e d  
u t i l i t y  f u n c t i o n ,  us. 
where 
The e x i s t e n c e  o f  a  u t i l i t y  e q u i l i b r i u m  t h r o u g h  s p a c e  i m p l i e s  
t h a t  ( 2 . c )  c a n  b e  r e v e r s e d  t o  g e n e r a t e  t h e  e q u i l i b r i u m  
R i c a r d i a n  r e n t  a s s o c i a t e d  w i t h  t h e  s i t e  (site) . 
I n  a  s i m i l a r  manner ,  t h e  e q u i l i b r i u m  b i d  r e n t  o f  a  C-worker 
8 
a t  ' r '  k i l o m e t r e s  f rom C c a n  b e  found . 
L 
R c ( r )  = 
[Px + tr l  a / ( 1 - a )  
2 .3  I n t e r p r e t a t i o n  
S e v e r a l  o b s e r v a t i o n s  c a n  b e  made a b o u t  t h e  b i d  r e n t  
f u n c t i o n  o f  S-workers .  F i r s t ,  3; i s  a s  y e t  a n  unknown. I t s  
v a l u e  depends  on (i) t h e  number o f  S-workers  t o  b e  l o c a t e d  
9 
and  (ii) t h e  s p a t i a l  p a t t e r n  o f  compe t ing  l a n d  u s e s  . 
Second ly ,  a l t h o u g h  as i s  n o t  known, it i s  a p p a r e n t  t h a t  it 
d o e s  n o t  a f f e c t  t h e  r e l a t i v e  r e n t  b i d s  o f  S-workers .  The 
s p a t i a l  p a t t e r n  o f  r e n t  b i d s  i s  f i x e d  i n  t h a t  t h e  r a t i o  o f  
t h e i r  b i d  r e n t s  a t  any p a i r  o f  l o c a t i o n s  i s  i n d e p e n d e n t  o f  
- 
U s .  Thus,  Us a f f e c t s  o n l y  t h e  a b s o l u t e  s c a l e  o f  r e n t  b i d s .  
T h i r d l y ,  a t t e n t i o n  may be  c o n c e n t r a t e d  on a  p a r t i c u l a r  
p o r t i o n  of t h e  s-8 space  i n  a n a l y z i n g  R ( s , 8 ) .  I t  i s  ap- 
p a r e n t  f o r  example t h a t  R i s  symmetric a b o u t  t h e  l i n e  
SC s i n c e  Rs ( s . 8 )  = Rs ( s .  2 n  - 8 )  . T h i s  p e r m i t s  u s  t o  
c o n c e n t r a t e  s o l e l y  on t h a t  p o r t i o n  of  l a n d  s i tes  l y i n g  
above SC i n  F i g u r e  2. F u r t h e r ,  o u r  i n t e r e s t  i n  t h e  b u f f e r  
r o l e  of  g r e e n  a r e a s  d i r e c t s  our  a t t e n t i o n  s p e c i f i c a l l y  t o  
t h e  a r e a  between C and S. T h e r e f o r e ,  t h e  behav iour  o f  
R ( s , 8 )  need b e  examined o n l y  i n  t h e  s p a c e  0 - < 8  - < n/2 and 
0 - < s - < d/cos8 .  T h i s  co r responds  t o  t h e  a r e a  framed by 
S'SCC' i n  F i g u r e  2. 
F o u r t h l y ,  t h e  s p a t i a l  p a t t e r n  of  R ( s , 8 )  w i t h i n  t h i s  
a r e a  can  b e  de te rmined .  W e  b z g i n  by a s k i n g  whether  R s ( s , 8 )  
h a s  any l o c a l  s t a t i o n a r y  p o i n t s .  These a r e  found from t h e  
two f i r s t - o r d e r  c o n d i t i o n s ,  ( 3 .  a )  and ( 3 .  b )  . 10 
P i-tr 
where 
and 
One s o l u t i o n  t o  ( 3 .  a )  i s  t o  s e t  8 = 6 .  Thus, from ( 3  .b )  , 
w e  must have l z ( s ,  O )  = 0 which h o l d s  when s = s* where 
c (Px + t d )  - u t Y  
s* = 
( 1  - a ) c t  
Thus, i f  0 - < s *  < d ,  a  l o c a l  i n t e r n a l  ext reme p o i n t  i s  
- 
(s*,  0 )  . F u r t h e r ,  a  s imple  re-ar rangement  o f  11( s ,  9 )  y i e l d s  
h ( s ,  0) = [d-sl  [taY-c (Px+td)  + ( 1  - a )  c t s j  ( 4  . b )  
Thus, h ( s , O )  and a R s / a s  ( a t  8  = 0 )  a r e  n e g a t i v e  f o r  s less 
t h a n  s* and p o s i t i v e  f o r  it g r e a t e r  t h a n  s*. The ext reme 
p o i n t  ( s * , C )  can t h u s  be  shown t o  b e  a  minimum a l o n g  t h e  
r a y  8  = 0 .  11 
A c o n v e n t i o n a l  f i r s t  c a s e ,  o f t e n  hoped f o r  by p l a n n e r s ,  
o c c u r s  when s* > d .  T h i s  i m p l i e s ,  u s i n g  ( 4 . d ) ,  t h a t  t h e  
b i d  r e n t s  of  S-workers a r e  a  m o n o t o n i c a l l y - d e c l i n i n g  func-  
t i o n  of  d i s t a n c e  from S. I n  t h i s  c a s e ,  t h e  S-workers 
l o c a t e  around t h a t  p o i n t  w i t h  a  suburban boundary Rs(8)  
which depends on 8 (it  i s  n o t  c i r c u l a r  i n  g e n e r a l )  12. For  
any d i s t a n c e  s < Rs(8) a l o n g  t h e  r a y  8, no l a n d  w i l l  b e  
occupied  by g r e e n  a r e a s .  P rov ided  t h a t  Nc and Ns a r e  
s m a l l  enough r e l a t i v e  t o  t h e  s e p a r a t i n g  d i s t a n c e ,  d l  a  
g reen  a r e a  w i l l  emerge between C and S .  
The c o n d i t i o n  s *  > d  i t s e l f  s i m p l i f i e s  t o  t h e  f o l l o w i n g :  
The t e r m  a ( v - c d ) / P x  r e p r e s e n t s  e i t h e r  t h e  number of u n i t s  
o f  X consumed a n n u a l l y  by a n  S-worker r e s i d i n g  a t  C o r  t h e  
number o f  t r i p s  t a k e n  t o  consume X .  The l e f t  hand t e r m  o f  
( 5 . a )  r e p r e s e n t s  t h e  i n c r e m e n t a l  cost  i n  consuming t h a t  
amount o f  X i f  t h e  worker  moves a  u n i t  d i s t a n c e  away from 
C .  Thus,  ( 5 . a )  a s s e r t s  t h a t  f o r  t h e  c o n v e n t i o n a l  c a s e  t o  
h o l d  it i s  s u f f i c i e n t  t h a t ,  f o r  a  S-worker r e s i d e n t  a t  C ,  
t h e  i n c r e m e n t a l  a n n u a l  t r i p  costs  i n  consuming X by moving 
one  u n i t  d i s t a n c e  closer t o  S  be  less t h a n  t h e  i n c r e m e n t a l  
s a v i n g  i n  a n n u a l  commuting costs  a s s o c i a t e d  w i t h  t h a t  move. 
Thus,  ( 5 . a )  i s  b a s e d  on  t h e  r e l a t i v e  s i z e  o f  t r a n s p o r t a t i o n  
c o s t  i n c r e m e n t s  e v a l u a t e d  a t  t h e  p o i n t  C. 
An u n c o n v e n t i o n a l  s econd  case emerges when s* < 0 .  
T h i s  i m p l i e s  t h a t  R ( s , 8 )  i s  a n  i n c r e a s i n g  f u n c t i o n  o f  
S 
d i s t a n c e  from S  i n  t h e  a r e a  between C and S  f o r  s m a l l  
v a l u e s  o f  8. Thus,  S-workers  would have  a  t e n d e n c y  t o  
locate n e a r  C r a t h e r  t h a n  S. The s p e c i f i c  l o c a t i o n a l  
p a t t e r n  i n  e q u i l i b r i u m  depends  on t h e  a l t e r n a t i v e  l a n d  
r e n t  b i d s  by a l l  t h r e e  g r o u p s  (S-workers ,  C-workers ,  and  
a g r i c u l t u r e )  b u t  S-workers  w i l l  t e n d  t o  l o c a t e  i n  a n  
e n c l a v e  a t  t h e  edge  o f  t h e  a r e a  o c c u p i e d  by C-workers and  
t h i s  may o r  may n o t  i n c l u d e  t h e  p o i n t  S .  An example i s  
p r e s e n t e d  i n  F i g u r e  3 which i l l u s t r a t e s  t h a t  no g r e e n  a r e a  
w i l l  emerge be tween t h e  r e s i d e n t i a l  areas of  C- and 
S-workers .  P l a n n e r s  who r e l y  on  t h e  j o b - d e c e n t r a l i z a t i o n  
i n s t r u m e n t  are t h e r e f o r e  i n t e r e s t e d  i n  e m p i r i c a l l y  e v a l -  
u a t i n g  s* t o  e n s u r e  t h a t  t h i s  u n c o n v e n t i o n a l  c a s e  d o e s  n o t  
o c c u r .  
RENT (1000 $1 
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The c o n d i t i o n  s *  < < can  a l s o  be l e n t  an  i n t e r p r e t a -  
t i o n .  I t  a s s e r t s  t h e  f o l l o w i n g  
T h i s  means t h a t  a n  S-worker r e s i d e n t  a t  S  must f i n d  t h a t  
t h e  annua l  s a v i n g  i n  t h e  c o s t  of  a c q u i r i n g  X by moving one  
u n i t  c l o s e r  t o  C must more t h a n  o f f s e t  t h e  i n c r e a s e  i n  
annua l  commuting c o s t s  a s s o c i a t e d  w i t h  moving one  u n i t  
f u r t h e r  away from S. T h i s  c o n d i t i o n  a g a i n  t r a d e s  o f f  re- 
l a t i v e  t r a n s p o r t a t i o n  c o s t  inc rements  b u t  now a t  t h e  p o i n t  
S .  I t  s t a t e s  a  s p e c i f i c  s u f f i c i e n t  c o n d i t i o n  under which 
a  g r e e n  a r e a  b u f f e r  would n o t  a r i s e .  
F i n a l l y ,  c o n s i d e r  t h e  t h i r d  c a s e  i n  which 0  - < s *  - < d .  
T h i s  i m p l i e s  t h a t  Rs ( s , B )  i s  a  saddle-shaped f u n c t i o n  w i t h  
maxima a t  R s ( O , O )  and R s ( d , O ) .  S e v e r a l  l o c a t i o n a l  p a t -  
t e r n s  a r e  p o s s i b l e  depending on (i) t h e  s i z e  of  Rs(d,O) 
r e l a t i v e  t o  Rs (0 ,O) and (ii) t h e  magnitude o f  Ns r e l a t i v e  
t o  N c ,  d l  and Ra. P o s s i b l e  s o l u t i o n s  i n c l u d e  (i)  a l l  
S-workers l o c a t e d  n e a r  S ,  (ii) a l l  l o c a t e d  a d j a c e n t  t o  t h e  
r e s i d e n t i a l  a r e a  o f  C-workers,  (iii) two c o l o n i e s  o f  
S-workers a t  S  and n e a r  C s e p a r a t e d  by a  g r e e n  a r e a  b u f f e r ,  
and ( i v )  one r e s i d e n t i a l  a r e a  f o r  S-workers a d j a c e n t  o f  
t h a t  of  C-workers b u t  a l s o  i n c l u d i n g  S. 
An example of  t h i s  s o l u t i o n  i s  p r e s e n t e d  i n  F i g u r e  3 .  
Here s *  = 4 . 4 4  which i s  less t h a n  t h e  15.0 v a l u e  f o r  ' d ' .  
R s ( s , B )  i s  u-shaped a l o n g  9  = 0  a l t h o u g h  i t s  c u r v a t u r e  i s  
i m p e r c e p t i b l e  a l o n g  t h e  s e c t i o n  d i s p l a y e d  i n  3  ( a )  . 
C-workers occupy t h e  b e s t  p a r t  o f  a  c i r c u l a r  a r e a  o f  7 . 9  
k i l o m e t r e s  r a d i u s  and  S-workers occupy a n  a r e a  ABD a s  
shown i n  F i g u r e  3 ( b )  . l 3  Thus, t h i s  i s  a n  example of  t h e  
t h i r d  c a s e  i n  which no b u f f e r  a r e a  e x i s t s  between c i t y  and 
suburb .  
3. A Model w i t h  Suburban Ameni t i e s  
3 . 1  N e w  Assumptions 
The r a t i o n a l e  beh ind  t h i s  l a s t  model i s  t h a t  p l a n n e r s  
p r o v i d e  a n  amen i ty  a t .  o r  n e a r  S  which i s  n o t  a v a i l a b l e  a t  
C.  T h i s  amen i ty  i s  p r o v i d e d  h e r e  w i t h o u t  a n  accompanying 
p r o v i s i o n  f o r  j o b s  t o  c l a r i f y  t h e  c o n d i t i o n s  under  which 
a n  amen i ty  a l o n e  i s  s u f f i c i e n t  t o  c r e a t e  a  n u c l e a t e d  sub-  
u r b .  The a m e n i t y  p r o v i d e d  w i l l  be  c a l l e d  a  ' b e a c h '  a l -  
though t h e  name i s  m e r e l y  a  conven ience .  T h i s  beach  i s  
assumed t o  r u n  p e r p e n d i c u l a r  t o  t h e  l i n e  CS t h r o u g h  S  and  
t h a t  e a c h  r e s i d e n t  i s  i n d i f f e r e n t  a s  t o  where a l o n g  t h e  
beach h e  consumes i t s  amen i ty  v a l u e .  F u r t h e r ,  l o c a t i o n  
i s  assumed t o  be  f e a s i b l e  o n l y  o n  t h e  n e a r  ( t o  C )  s i d e  of  
t h e  beach .  
The a s s u m p t i o n  s e t  o f  t h e  e l e m e n t a r y  model i s  m o d i f i e d  
a s  f o l l o w s :  I n  a s s u m p t i o n s  v i i )  t o  i x ) ,  t h e  good X i s  assumed 
t o  b e  t h e  number o f  beach  v i s i t s  made by a  r e s i d e n t  e a c h  y e a r .  
The good X i s  assumed t o  b e  u n d e r t a k e n  a t  a  f i x e d  c o s t  o f  Px 
14 p e r  v i s i t  . I n  a d d i t i o n ,  e a c h  t r i p  i n c u r s  a  t r a v e l  c o s t  
which i s  p r o p o r t i o n a l  t o  t h e  d i s t a n c e  from t h e  beach  t o  t h e  
r e s i d e n t ' s  home s i t e .  A s  i l l u s t r a t e d  i n  F i g u r e  4 ,  a  resi- 
d e n t  a t  ( ~ ~ € 3 )  i s  r k i l o m e t r e s  from t h e  beach where 
r ( s ,  8 )  = d-s  . cos8  (6  . a )  
Thus, t h e  t o t a l  c o s t  of a  t r i p  t o  t h e  beach f o r  t h i s  resi- 
d e n t  i s ,  P ( s , 8 )  where 
3 . 2  The Model and i t s  S o l u t i o n  
T h i s  model h a s  been d e l i b e r a t e l y  d e s i g n e d  t o  be  q u i t e  
s i m i l a r  t o  t h e  p r e v i o u s  model i n  n o t a t i o n  and s t r u c t u r e .  
P a r t  of  t h e  purpose  i n  do ing  t h i s  h a s  been t o  i l l u s t r a t e  
how a  v e r y  s imple  model c a n  b e  i n t e r p r e t e d  i n  d i f f e r e n t  
ways t o  answer d i f f e r e n t  k i n d s  o f  q u e s t i o n s .  W e  u s e  t h e  
same e q u a t i o n s  f o r  t h e  u t i l i t y  f u n c t i o n  and budge t  con- 
s t r a i n t  a s  b e f o r e  1 5  
The same f i r s t - o r d e r  c o n d i t i o n s  emerge, namely 
F i n a l l y ,  t h e  o p t i m i z e d  u t i l i t y  l e v e l ,  G I  c a n  b e  d e r i v e d  
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and r e v e r s e d  t o  y i e l d  t h e  e q u i l i b r i u m  b i d  r e n t  f u n c t i o n ,  
These  r e n t  b i d s  d i f f e r  f rom t h o s e  o f  t h e  p r e v i o u s  model  
o n l y  b e c a u s e  r ( s , 8 )  i s  d e f i n e d  d i f f e r e n t l y .  
3 . 3  I n t e r p r e t a t i o n  
What p l a n n e r s  u s u a l l y  hope t o  a c h i e v e  i n  t h i s  s i t u -  
a t i o n  i s  d i f f e r e n t  f rom t h e  p r e v i o u s  one  c o n s i d e r e d .  I n  
t h e  e a r l i e r  c a s e ,  t h e y  encouraged  t h e  c e n t r a l i z e d  l o c a t i o n  
o f  r e s i d e n c e s  n e a r  t h e i r  d e c e n t r a l i z e d  j o b s .  I n  t h e  p r e -  
s e n t  c a s e ,  t h e y  a r e  s e e k i n g  t o  d e c e n t r a l i z e  r e s i d e n c e s  
a round  c e n t r a l i z e d  j o b s .  Thus ,  t h e y  a r e  s p e c i f i c a l l y  i n -  
t e r e s t e d  i n  t h e  c o n d i t i o n s  u n d e r  which  R ( s , 8 )  would imply  
t h e  e x i s t e n c e  o f  two r e s i d e n t i a l  a r e a s ,  one  n e a r  C and  t h e  
o t h e r  a l o n g  t h e  b e a c h ,  s e p a r a t e d  by a  b u f f e r  g r e e n  a r e a .  
Such a  s i t u a t i o n  c a n  emerge o n l y  when R ( s , B )  i s  
double-peaked . .  F o r  r e a s o n s  s i m i l a r  t o  t h o s e  i n  t h e  l a s t  
model,  l e t  u s  c o n s i d e r  o n l y  t h e  s p a t i a l  a r e a  l y i n g  be tween  
C and  S  and  f o r  which  0 - < 8  - < ~ / 2 .  I n t e r n a l  ex t r eme  p o i n t s  
o f  R ( s , 8 )  a r e  found  by d i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  ' s '  
and 8 .  One e x t r e m e  p o i n t  i s  a t  ( s * , O )  where s* i s  d e f i n e d ,  
a s  b e f o r e ,  by ( 4 . a ) .  I t  i s  e a s i l y  shown t h a t  R ( s , O )  i s  a  
d e c r e a s i n g  f u n c t i o n  o f  s when s < s* and  a n  i n c r e a s i n g  
function when s > s*. Thus, to have a dual peaked R(s,8), 
it is necessary that 0 < s* < d. This implies that 
t kx "td] < 
and 
Thus, two conditions must exist related to annual increments 
in beach travel and commuting costs with a marginal change 
in location along the line CS. The first states that for a 
resident at C, the beach travel cost increment be less than 
the commuting cost increment. The second asserts that the 
opposite be true for a resident at S. While it is difficult 
to conclude anything about the liklihood of both these con- 
ditions being satisfied, they indicate the kinds of variables 
which need to be estimated in an empirical study. 
Conditions ( 9  .a) and (9.b) are necessary though not 
sufficient to ensure the emergence of two residential areas. 
It is necessary, in addition, that d, N, and Ra be of 
appropriate size. An example is presented in Figure 5 to 
illustrate this. All parameters there are fixed at the 
levels shown except for 6 which is given three different values 
to correspond to three different city sizes. In order of 
increasing city size, the bid rents generated are R 1 ,  R2, 
RENT 
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PARAMETER VALUES 
CI = 0.50 
c = 150. 
t = 0.10 
d = 20.0 
P* = 2.00 
R,= 600. 
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FIGURE 5. BEACH MODEL LAND RENTS AND LAND USE: 
AN EXAMPLE. 
and R 3  r e s p e c t i v e l y  i n  5 ( a ) .  Given t h e  v a l u e  o f  R a t  t h e s e  
imply t h a t  t h e  r e s i d e n t s  would occupy an  a r e a  enc losed  by 
!LA,  !L2,  and !L3 a t  t h e s e  s i z e  l e v e l s .  For  t h e  s m a l l e s t  c i t y  
s i z e ,  t h e r e  i s  a s i n g l e  r e s i d e n t i a l  a r e a  n e a r  C .  A t  a 
l a r g e r  s i z e  w e  o b s e r v e  t h e  c i t y  occupying two a r e a s  (one  
nea r  C and t h e  o t h e r  n e a r  S)  w i t h  a g r e e n  s pa c e  b u f f e r  be- 
tween them. A t  t h e  l a r g e s t  s i z e ,  t h e  c i t y  ha s  grown t o  
comple te ly  f i l l  i n  t h e  space  between C and S a s  shown i n  
5 ( b )  . 
I t  i s  noted  t h a t  a dynamic p a t t e r n  of suburban develop-  
ment i s  impl ied  by F i g u r e  5. The c i t y  be g in s  around C and 
t h e n  r each es  a t h r e s h o l d  a t  which r e s i d e n t i a l  development 
beg i n s  a t  S even though t h e r e  i s  va c a n t  l and  between S 
and t h e  p r ev io u s  urban f r i n g e .  F i n a l l y ,  a l l  t h e  l a nd  
between C and S becomes f i l l e d  i n  w i t h  r e s i d e n c e s  a s  t h e  
c i t y  expands i n  s i z e .  However, t h e  scheme i l l u s t r a t e d  i n  
F i gu re  5 i s  o n ly  one  o f  t h e s e  p o s s i b l e  c a s e s  where ( 9 . a )  
and ( 3 .  b)  h o ld .  These c a s e s  depend on which of  R ( O  , O )  and 
R(d,O) i s  g r e a t e r .  I n  F i g u r e  5 ,  R ( G , O )  > R(d IC)  and 
development i n i t i a l l y  o c c u r s  on ly  near  C .  I f  R ( 0 , O )  = ~ ( d , C l ) ,  
development w i l l  i n i t i a l l y  occur  a t  bo th  C and S and i f  
R(d,O) > R ( 0 , O )  , it w i l l  occur  f i r s t  a t  S. 
F i n a l l y ,  w e  o b s e r ve  t h a t  ( 9  . a )  and (9 . b )  a r e  f a i r l y  
s t r i n g e n t  r eq u i r emen t s  on t h e  pa ramete r s  of  t h e  model be- 
cause  t h ey  must hold  s imu l t a ne ous ly .  I f  on ly  one o f  t h e s e  
c o n d i t i o n s  h o l d s  (and a t  l e a s t  one must always h o l d ) ,  t h e  
model w i l l  g e n e r a t e  m o n o t o n i c a l l y  d e c l i n i n g  r e n t s  around 
e i t h e r  C o r  S.  I n  t h e s e  c a s e s  no b u f f e r s  w i l l  emerge.  
Thus,  p l a n n e r s  who r e l y  on a  suburban  ameni ty  i n s t r u m e n t  
f o r  t h e  c r e a t i o n  o f  b u f f e r  a r e a s  need t o  a s s u r e  t h e m s e l v e s  
t h a t  ( 3 . a )  and  ( 9 . b )  b o t h  h o l d .  
4 .  C o n c l u s i o n  
The pu rpose  o f  t h i s  p a p e r  h a s  been  t o  show t h a t  a  
s p a t i a l  e q u i l i b r i u m  framework c a n  be  used  t o  examine some 
a l t e r n a t i v e  i n s t r u m e n t s  f o r  t h e  c r e a t i o n  of  i n t e r - u r b a n  
g r e e n  a r e a  b u f f e r s .  S p e c i f i c  c o n d i t i o n s  have  been  
d e r i v e d  unde r  which such  i n s t r u m e n t s  migh t  n o t  o p e r a t e  
e f f e c t i v e l y  o r  a t  a l l .  These have been  g e n e r a t e d  u s i n g  
s i m p l e  models  w i t h  r e l a t i v e l y  s i m i l a r  s t r u c t u r e s .  While 
n o t  p r o v i d i n g  immediate  p o l i c y  a d v i c e ,  such  models  i n -  
d i c a t e  t h e  k i n d s  o f  v a r i a b l e s  and c o n d i t i o n s  which a r e  
i m p o r t a n t  t o  measure  i n  a  p o l i c y - o r i e n t e d  e m p i r i c a l  
model.  
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Footno tes  
Whether l e g i s l a t e d  o r  compet i t ive ly - induced  g r een  
a r e a s  a r e  o r  a r e  n o t  e f f i c i e n t  depends i n  p a r t  on 
t h e  magnitude of  e x t e r n a l i t i e s  c r e a t e d  by such a  
l a n d  u s e  p a t t e r n .  
A r e s i d e n t  i s  equa ted  t o  a  r e s i d e n c e  h e r e .  
Wheaton (1974; pp. 228-229) d i s c u s s e s  t h i s  a s p e c t  of  
t h e  c l o s e d  model i n  a  g e n e r a l  form. Miron (1976) 
d i s c u s s e s  t h e s e  p o i n t s  f o r  a  p a r t i c u l a r  model form. 
I t  is  assumed t h a t  S i s  more t h a n  s *  k i l o m e t r e s  from 
C.  
Thi s  a l t e r e d  c h a r a c t e r i z a t i o n  of X need n o t  r educe  t h e  
g e n e r a l i t y  of t h e  o r i g i n a l  model. Another composi te  
good ( s a y  Z ) ,  a v a i l a b l e  everywhere a t  a  uni form p r i c e ,  
can  be i n t roduced  w i thou t  any s i g n i f i c a n t  t h e o r e t i c a l  
e f f e c t  on t h e  remaining d i s c u s s i o n .  
The t r a n s p o r t a t i o n  c o s t  component ( t r )  cor responds  t o  
t h e  Vara iya -Ar t l e  (1972) n o t i o n  of ' t r a n s a c t i o n  c o s t ' .  
I t  i s  assumed t h a t  t h e  u t i l i t y  l e v e l s  of C- and 
S-workers may be d i f f e r e n t  from each o t h e r .  A u t i l i t y  
d i f f e r e n t i a l  may a r i s e  because  o f  t h e  d i f f e r e n c e  
between Nc and Ns even though incomes and p r i c e s  (ex-  
c l u d i n g  r e n t )  a r e  i d e n t i c a l  f o r  bo th .  
Note t h a t  Rc is  monoton ica l ly  d e c r e a s i n g  i n  ' r ' .  Note 
a l s o  t h a t  t h e  b i d  r e n t s  of  C-workers have no 8 argument 
because  t hey  a r e  i n d i f f e r e n t  t o  l o c a t i o n  w i t h  r e s p e c t  
t o  S. 
I n c l u d i n g  t h e  b i d  r e n t s  of workers  a t  C .  
For s i m p l i c i t y  o f  n o t a t i o n ,  r ( s , 0 )  i s  denoted simply 
a s  ' r '  below a l t h o u ~ h  it remains  a  f u n c t i o n  of  s and 8 .  
Note t h a t  (s*,O) i s  more-genera l ly  a  s a d d l e  p o i n t  when 
0  i s  v a r i a b l e .  
The boundary w i l l  t e n d  t o  be e g g - s h a ~ e d  w i t h  an  apogee 
a t  0  = 0'. 
1 3 .  The boundary  between t h e  C and  S a r e a s ,  when t h e s e  two 
a r e  a d j a c e n t ,  need  n o t  b e  a  s t r a i g h t  l i n e .  E q u a t i n g  
( 2 . e )  and ( 2 . f )  y i e l d s  t h e  boundary  c o n d i t i o n  
- 
which i s  a s t r a i g h t  l i n e  o n l y  when fit = U s .  With 
r e s p e c t  t o  S ,  it i s  convex i f  Oc > as and  concave  i f  
- 
Uc ' ". 
1 4 .  T h i s  m i g h t ,  f o r  i n s t a n c e ,  i n c l u d e  t h e  c o s t  of l u n c h e s ,  
s u n - t a n  l o t i o n ,  and p a r k i n g  i n  t h e  c a s e  where t h e  
a m e n i t y  i s  a beach  i n  r e a l i t y .  
1 5 .  Aga in ,  w e  r e f e r  t o  r ( s , 8 )  s i m p l y  a s  ' r '  w h i l e  r e c o g n i z i n g  
i t s  dependence  o n  s and 8 .  
1 6 .  Again ,  6 i s  a n  unknown whose v a l u e  depends  on  N and  R a .  
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